Abstract. Some automobile factories have segmented mixed-model production lines into shorter sub-lines according to part group, such as engine, trim, and powertrain. The effects of splitting a line into sub-lines have been reported from the standpoints of worker motivation, productivity improvement, and autonomy based on risk spreading. There has been no mention of the possibility of shortening the line length by altering the product sequence using sub-lines. The purpose of the present paper is to determine the conditions under which sub-lines reduce the line length and the degree to which the line length may be shortened. The line lengths for a non-split line and a line that has been split into sub-lines are compared using three methods for determining the working area, the standard closed boundary, the optimized open boundary, and real-life constant-length stations. The results are discussed by analyzing the upper and lower bounds of the line length. Based on these results, a procedure for deciding whether or not to split a production line is proposed.
INTRODUCTION
Today's manufacturers need to realize both productivity and flexibility in order to satisfy the diverted customers' demand. The problem of enhancing both productivity and flexibility must be addressed by manufacturers. The mixed model line is a method of resolving such conflicting requirements. The mixed-model line is defined as a production line on which multiple models of a product are assembled serially. Splitting a mixed model line by buffers into shorter lines is a means of enhancing productivity and flexibility. As for resequencing, this splitting has two effects, a reactive one and a proactive one, as classified by Boysen (2012) . Proactive splitting involves resequencing models before and after the buffers. Monden (2011) described the advantages of reactive splitting based upon Toyota's production practices, and these advantages were only observed in reactive splitting. In order to promote productivity and flexibility in a mixed-model line, the analysis of proactive splitting is important. Boysen et al. (2012) investigated proactive splitting and treated the problem of enhancing both productivity and flexibility as a scheduling problem in which the number of violations in model sequences should be minimized. To our knowledge, the problem of enhancing both productivity and flexibility through the design of a mixed-model line has not been sufficiently investigated.
The present paper attempts to clarify the environment under which line splitting is effective. The line length is a measure of productivity that is related to flexibility. Thus, in the present study, we consider the line length to be indication of effectiveness. Three factors are considered in terms of line length. The first factor is the approach used to determine the size of the working area. We herein consider three approaches: the traditional closed-boundary approach, an open-boundary approach, and a practical "real-life" approach. The second factor is the degree of difference in the total operation time between models, and the third factor is the degree of difference in the workload between models at a station.
In the following section, we briefly review the existing literature. Three models for determining the working area length are introduced in Section 3. Sections 4 and 5 present analytical results for the lower and upper bounds of the line length achieved using a buffer for resequencing between two stations. Section 6 discusses the degree to which the line length can be shortened by installing a buffer. This section also includes a discussion on the environments in which installing a buffer may be effective. A procedure for installing a buffer between sub-lines is presented in Section 6. In Section 7, we summarize our conclusions.
LITERATURE REVIEW
In this section, we review studies on the split line from the viewpoints of both practical application and research. We first review studies on the practical application of split lines. Monden (2011) examined the effect of splitting the assembly line at a Toyota automobile plant into several functionally diversified autonomous lines. According to Monden, the functionally diversified autonomous line is explained as follows: "the functionally diversified autonomous line, or, in short, the split-line, is a mini-assembly line. Functionally similar parts from the viewpoint of car structure are rigorously grouped and assembled together". Monden describes the split line as having two advantages: worker morale enhancement and productivity improvement throughout the assembly plant. The stop time for the entire assembly plant is decreased by the use of split lines in each split line. Benders and Morita (2004) reported that the buffer size was five cars and the buffer took the form of a serial line. Christoph (2016) described the layout of the Toyota Motomachi Plant, the topology of split lines, the number of stations of each split line, and the location of buffer stocks. However, there has been no report on resequencing in buffer stocks between two functionally diversified autonomous lines.
Boysen et al. (2012) presented a research framework for resequencing in a mixed-model assembly line and reviewed and summarized research based on this framework. Boysen et al. classified resequencing into reactive resequencing and proactive resequencing, where reactive resequencing is triggered by unforeseen perturbations such as material shortages, rush orders, machine breakdowns, and workpiece or material defects. Proactive resequencing allows for individual model sequences to be specifically reshuffled according to the needs of specific line segments. Monden (2011) investigated resequencing between the painting process and the final assembly line using a mixed bank and reported the triggers for both reactive resequencing and proactive resequencing. Fujimoto (2001) investigated resequencing between the welding process and the painting process as well as resequencing between the painting process and the final assembly line and reported the reactive functions of the buffers, but did not mention proactive functions.
Next, we review academic studies on split lines from two standpoints: 1) the need for reactive resequencing or proactive resequencing and 2) the problem formulation by scheduling or mixed-model line approaches.
Boysen et al. (2009) reviewed and discussed three major planning approaches in the literature on mixed-model assembly lines: mixed-model sequencing, car sequencing, and level scheduling. They defined each approach as follows. The mixed-model sequencing approach attempts to minimize sequence-dependent work overload through the use of detailed scheduling, which explicitly takes into account the operational characteristics of the line, such as operation times. The approached investigated in the studies mentioned in the first paragraph of this section, as well as the approach taken by the present study, are categorized as mixed-model sequencing approaches. The car-sequencing approach attempts to minimize sequence-dependent workload in an implicit manner by formulating a set of sequencing rules. To the best of our knowledge, most studies on resequencing in a mixed-model assembly line adopt the car-sequencing approach. The level-scheduling approach attempts to find sequences that are in line with the just in time (JIT) philosophy.
Most studies on resequencing in a mixed-model assembly line treat the problem as a scheduling problem as a function of proactive resequencing. For example, Boysen et al. (2012) investigated the problem of resequencing in a mixed-model assembly line and treated the problem as proactive. Their consistent approach was to optimize sequences in order to minimize the number of violations of the sequence rules that were indirectly related to the physical performance of the lines. Examples of such rules have also been reported by Monden (2011) . Spieckermann et al. (2004) presented a branch-and-bound approach for the color-batching process in order to create color-oriented batches of cars using a selectivity bank prior to paint application in order to reduce set-up costs. Ding and Sun (2004) presented a number of sequence-alteration methods to accommodate a downstream department's sequencing considerations using a selectivity bank. Valero-Herrero et al. (2013) proposed buffer input and output algorithms for a selectivity bank, with the objective of disregarding the constraints established by the assembly line as infrequently as possible during sequencing. Lahmar et al. (2003) described a resequencing problem motivated by the automotive industry with a single-position shifting constraint parameter, K, which indicates the maximum number of positions a job can move forward relative to its original position. They also provided a solution for the resequencing problem using a decomposition heuristic. Lahmar and Benjaafar (2007) considered a set of resequencing problems with two asymmetric position-shifting parameters, K1 and K2, that can assume any value in the range of 0 to (n -1) and showed that the problem can be solved through dynamic programming in polynomial time for a set number of jobs and for fixed K1 and K2. The shifts in Lahmar's studies were realized by the use of a pull-off table. Lim and Xu (2009) solved the resequencing problem for the pull-off table by using an iterative search scheme, which can obtain optimum solutions for instances sized as large as those encountered in reality.
For the reactive need and the scheduling approach, Miltenburg (1989) and Decker (1992) investigated the planning of buffers within a mixed-model line. Decker extended the results obtained by Miltenburg and examined the positioning of buffers for resequencing using an exact method and examined three heuristics using the criterion of balanced capacity usage.
Despite the importance of designing a more efficient and flexible mixed-model line, a limited number of studies have examined proactive resequencing using the mixed-model sequencing approach (Fei et al., 2014; Miyazaki et al., 2016). Matsuura et al. (2017) modeled the insert buffer and examined the proactive function. In these studies, the efficiency was determined based on the line length, and flexibility was determined based on the range of possible operation times.
The contribution of the present paper is the development of a design procedure of the mixed-model line based on an examination of the effect of resequencing in the context of three factors, including approaches by which to determine the working areas of stations.
MODEL Notation
The following notation is used in the present paper. 
020035-3

Basic Assumptions
The following are the basic assumptions of the preset study. 1. Workers cannot operate by crossing their station boundaries. In other words, stations are closed. 2. The speed at which workers move to the next product model is infinite. 3. The line balancing is complete. The total operation time of each product model can be appropriately assigned to each station. This assumption is justified in the following cases. The time of element tasks is sufficiently smaller than the cycle time. The line is segmented into sub-lines by each function responsible for assembling each product model. 4. Sufficient allowance is given to each station in order to completely absorb the differences in operation time among product models. 5. Operation times are not varied stochastically. 6. The line speed is assumed to be unity.
Three Existing Approaches to Determining the Working Areas of Stations (1) Closed-boundary Approach (Allowance Model )
The working allowance of a station is determined as the sum of the maximum work deficiency time and the maximum work congestion time of the station. In other words, the station boundaries are closed. Working across station boundaries is not possible. Working area allowances are unshared. Workers assigned to a station operate exclusively in their working area. The procedure of the closed-boundary approach is described by Monden (2011) , for example. We refer to this approach as allowance model . Kotani (2004) reported that Toyota uses neither the closed-boundary approach (1) nor the open-boundary approach (2) in a real-life manufacturing environments, where design parameters, such as detailed operations and work element times, are frequently changed through continuous improvement. Thus, the line is designed based on the total working time of each model in a split line, and the line length assigned to each station is maintained constant. The typical station is determined considering the stations of a split line. The present study assumes the station with the maximum working allowance as the typical station. We refer to this approach as allowance model γ.
Framework for Analysis
The problem of clarifying the effect of the buffer on the line length and the range of operation times can be reduced to analyzing a mixed-model assembly line composed of two sub-lines. Figure 2 shows the two systems considered in the present paper. The three product models are denoted A, B, and C. The model sequences of the two stations are denoted by the model definition of the succeeding station. The model-mix ratio is assumed to be 1:1:1 in both sub-lines. It is also assumed that the number of models or options is the same between the preceding and succeeding sub-lines.
In the present paper, the term "model" does not necessarily refer to a final product to be shipped to a consumer. Rather, we use the term model to refer to the product of a particular manufacturing stage. Assembly lines are typically segmented into several zones, such as welding, painting, equipping engines, and trimming, as exemplified in the automobile industry. For examples, see Shimokawa et al. (1997) . Each of these zones has a different role in producing the final product. Thus, the definition of a given model can vary depending on the zone. For example, models are defined by color in the painting zone, but by grade selection in the trimming zone. In the present paper, we assume that models are defined according to the options in each zone. In other words, the sequence that minimizes the line length of the proceeding sub-line does not necessarily minimize the line length of the succeeding sub-line. The system shown in Fig. 2(a) is a simplified version of an assembly line in which all stations are connected via a conveyor line, and there is no buffer or resequencing. The system shown in Fig. 2(b) is a simplified version of an assembly line divided into two shorter lines by a buffer stock. The model sequences can be altered between the stations before and after the buffer.
Under the assumption that the buffer stock is random, a sequence of the proceeding sub-line can be resequenced to any sequence required. In other words, all permutations can be generated from the original sequences. Accordingly, the possible effect of the line length reduction can be measured by the line length realized in the succeeding sub-line. The maximum line length reduction is equivalent to the difference between the maximum line length and the minimum line length realized by sequences in the succeeding sub-line.
In the assumption described in Section 3.2, the effect of the buffer is determined as the difference in the line length by sequences in the succeeding station. The sequence at the succeeding station includes the sequence at the preceding station. 
Definition of Line Length in the Present Study
Performance Criteria
The line length is the basic performance measure used in the present paper and is important in designing a mixed-model assembly line. It is desirable to minimize the size of the facility, i.e., the length of the line, while maintaining a rate of assembly equal to the demand rate for each model type.
The following two measures are used as performance criteria. Both criteria indicate the degree of possible reduction of the line length.
(1) Reduction Rate by the Upper and Lower Bounds of the Line Length
The reduction rate by the upper and lower bounds of the line length measure is composed of the upper and lower bounds and does not depend on the sequences. The reduction rate by the upper and lower bounds of the line length is defined as follows:
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The reduction rate of the line length is the ratio of the difference between the maximum and minimum of line lengths of the stations of interest to the maximum line length. This is the ratio of the maximum possible reduction by re-sequencing to the maximum line length under the given allocation of operation times of products, i.e., line balancing, under the assumption of the present paper. If the sequence that minimizes the line length is taken in the preceding stations and is not changed in the succeeding stations, the sequence may maximize the line length in the succeeding stations or minimizes the line length in the succeeding stations. Thus, this sequence is an appropriate measure for evaluating the effect of re-sequencing in aggregate.
(2) Average Reduction Rate of the Line Length
The average reduction rate of the line length is the average of reduction rate by all possible combinations of operation times assigned to each model between the two sub-lines. Here, the operation times are assumed to be integers. The line length is calculated using Eq. (8), (9) and (10) . The average reduction rate of the line length is defined as follows:
where S is the set of all combinations of sequences in the two stations, and N s is the number of all combinations of sequences in the two stations.
LOWER AND UPPER BOUNDS OF LINE LENGTH BY A SINGLE STATION
Calculation of Working Allowance
The method of calculating the working allowances is summarized in the Appendix, and is based on the work of Thomopoulos (1967) . This method is the basis for analyzing the lower and upper bounds.
Lower and Upper Bounds of Line Length
We examine the lower and upper bounds of the working area length of a station as a basis for further analysis. 
(2) Upper Bound
The upper bound is given as follows: 
UB N C t C
Under the assumption of complete line balancing, the maximum work deficiency and the maximum work congestion are equal. Thus, the following expression holds: 1 2
UB UB
UPPER AND LOWER BOUNDS OF THE LINE LENGTH Allowance Model α
The upper and lower bounds of the line length are given as the sums of the bounds for each station obtained by Eq. (3) and (4).
(1) Lower Bound
The lower bound is given as follows:
The upper bound is given as follows:
Allowance Model β (1) Lower Bound
The line length obtained by allowance model β never exceeded the sum of the lower bound of a station and the cycle time of the other station. Thus, we obtain the following lower bound: max{ ( ), ( )} LBL LB p LB s 
Allowance Model γ (1) Lower Bound
The multiplication of the minimum lower bound and the number of stations is the lower bound of allowance model γ. Thus, we obtain 2max{ ( ), ( )} LBL LB p LB s (9) (2) Upper Bound
The multiplication of the maximum upper bound and the number of stations is the upper bound of allowance model γ. Thus, we obtain 2max{ ( ), ( )} UBL UB p UB s (10) NUMERICAL ANALYSIS
Conditions for Numerical Analysis
In the numerical analysis, the cycle time is assumed to be 10. As mentioned previously, the number of stations is two. The number of products, which are denoted as A, B, C, and D, is four. The respective operation times of these products are denoted as a 1 There are an infinite number of solutions that satisfy the above equations. Thus, only two featured combinations, L 1 and L 2 , of total operation times T i (i = 1, 2), are selected for the discussion of the present paper. Here, L 1 is the case in which the total operation times are the same for all products, and L 2 is the case in which the total operation times vary greatly between products.
Two combinations of operation times at two stations are considered in each case. Here, O 1 is the case in which the operation times are the same for two stations, and O 2 is the case in which the operation times vary greatly between two stations. We hereinafter denote the case consisting of a combination of L i (i = 1, 2) and O i (i = 1, 2), as Case (i, j). Table 1 presents the details for these cases. Table 2 shows the efficiency of the bounds and the line length by sequences and the reduction rate of the line length for three models. In this section, we consider sequences that are circular permutations of each other to be the same, since the length of their working area is identical.
Efficiency of the Bounds and Line Length by Sequences
The results obtained for the efficiency of the bounds are shown in Table 2 . In allowance models α and γ, the lower and upper bounds are identical to the minimum and maximum, respectively, of the line length. In allowance model β, the upper bounds are identical to the maximum of the line length, whereas the lower bound is smaller than the minimum of the line length.
Reduction Rate of the Line Length
In the following we examine the reduction rare of line length based on the results shown in Table 2 .
Reduction Rate and Allowance Models
The reduction rate provided by allowance model β is the highest, because, in allowance model β, at least one task for a product model in the preceding station is directly connected to a task for the product model in a succeeding station without delay. As such, the model sequences vary the line length to a greater degree than the other allowance models.
Reduction Rate and Difference in Total Operation Time
When the difference in the total operation time between product models is small, the reduction rate is large if leveling of the operation time distribution is low.
Reduction Rate and Leveling of the Operation Time Distribution
When the leveling of the operation time distribution is high, the reduction rate is large if the difference in total operation time between product models is large in allowance models α and γ. T 1  T 2  T 3  T 4  T 1  T 2  T 3  T 4  20  20  20  20  35  25  15 In order to confirm the results considered in the discussion, the average reduction rates are investigated for all possible combinations of operation times. Assuming that the operation times are positive integers, the number of combinations is 241. The average reduction rates obtained using the exact length and the two bounds are listed in Table 3 . Table 3 indicates that the lower and upper bounds proposed in the present paper can be used as an approximation of the exact line length. Figure 4 shows the design procedure of the mixed-model line based on the results obtained in the present paper. Table 4 lists the environments and backgrounds to which the three allowance models can be applied. Managers can select an allowance approach based on the environment and background.
Average Reduction Rate
PROCEDURE FOR DECIDING WHETHER TO INSTALL A BUFFER
If the manager selects closed-boundary allowance model α, the line is balanced (as in Case O1), and the reduction rate δ used to determine whether to install a buffer stock is set to 15%, then the lower and upper bounds are calculated to be 35 and 40, respectively. The reduction rate is 12.5% (= (40-35)/40), which is less than 20%. Accordingly, the judgment is to not install the buffer stock.
If the manager selects closed-boundary allowance model β, the line is balanced (as in Case O1), and the reduction rate δ used to determine whether to install a buffer stock is set to 15%, then the lower and upper bounds are calculated to be 28 and 40, respectively. The reduction rate is 30.0% (= (40-28)/40), which is larger than 15%. Accordingly, the judgment is to install the buffer stock.
If the manager selects closed-boundary allowance model γ, the line is balanced (as in Case O1), and the reduction rate δ used to determine whether to install a buffer stock is set to 15%, then the lower and upper bounds are calculated to be 36 and 42, respectively. The reduction rate is 14.3% (= (42-36)/42), which is less than 15%. Accordingly, the judgment is not to install the buffer stock. 
CONCLUSION
The results of the present paper suggest that in practical applications, the effect of resequencing between the two sub-lines is the most effective method by which to determine the working allowance in a mixed-model assembly line. A buffer between sub-lines is used for reactive resequencing, i.e., it is used to recover the original sequencing. It is not observed in such a factory to use buffers for proactive re-sequencing, in response to the change of product definition between sub-lines. The results obtained herein indicate a reduction rate of as much as approximately 30% may be possible. Such a reduction would provide increased flexibility, enabling a variety of products to be produced on a single production line.
The effect on line length of splitting a mixed-model line into sub-lines and resequencing the product between sub-lines was discussed in the present paper. Two factors were considered: a policy for determining the working area of a station, and the difference in product definition among sub-lines. Three approaches were considered: a closed-boundary approach, an open-boundary approach, and constant-station-length approach. The differences in the product definition are modeled as the differences in the number of product types between stations. The upper and lower bounds of the line length were presented. The effect of splitting and resequencing on shortening the line length was found to be the largest when the working areas were constant. This approach is adopted in a number of factories. The effect is larger for the case in which the number of product types increases in the succeeding sub-line.
The paper did not consider the restriction on the buffer size. Moreover, we assumed that any sequence can be generated through the buffer. These are areas for future research. In the above equations, c is the cycle time, t(i,j) is the operation time of model j assigned to station i, e(i, j) is the completion point of model j at station i (the origin is located at the start point of the cycle time at station i), D(i, j) is the work deficiency of model j at station i (not including the cycle time, non-negative; the origin is located at the ending point of the cycle time at station i), and W(i, j) is the work congestion of model j at station i (not including the cycle time, non-negative; the origin is located at the start point of the cycle time at station i).
Thus, the working-area allowances for the three approaches are obtained as follows. where * denotes the typical station, and J denotes the number of stations.
